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■ Abstract: In this paper, two competitive Lotka-Volterra populations 
^ '■ in the two-patch-system with diffusion are considered. Each of the two 

spiecies can diffuse indepently and discretely between its in intrapatch 
and interpatch. By means of constructing Liapunov function, under mod- 
^ erate condition, the system has a unique almost periodic solution and 

■ which is asymptotically stable and globally attractive . 
^ ! Key words: Lotka-Volterra competitive system; diffusion; almost peri- 
Tjj- I odic solution; asymptotically stabihty; global attractivity 
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1. Introduction 

Diffusion is a ubiquitous phenomenon in the real world. It is population pressure 
^ ! due to the mutual interference between the individuals, describing the migration of 
. species to avoid crowds. It is important for us to understand the dynamics of pop- 
ulations of nature, and the basic and important studied questions for the dynamics 
of populations are the persistence, permanence and extinction of species, global sta- 
bility of systems and the existence of positive periodic solutions, positive almost 
periodic solutions and asymptotically periodic solutions, etc. Recently, many schol- 
ars have paid attention to the non-autonomous Lotka-Volterra population models 
with diffusion. There exists an extensive literature concerning the study of global 
stability and the existence of positive periodic solutions, positive almost periodic 
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solutions and asymptotically periodic solutions of Lotka-Volterra system with diffu- 
sion and periodic parameters, see the monographs [1-3,5-19] and the references cited 
therein. 

In [12], the authors studied the following nonautonomous Lotka-Volterra almost 
periodic cooperative systems with diffusion 

xi = xi[ri{t) - au{t)xi + ai2{t)yi\ + Di{t){x2 - Xi), 
yi^yi[r2it) + a2i{t)xi- a22{t)yi]+ D2{t){y2-yi), 
X2 = X2[si{t) - bii{t)x2 + bi2it)y2] + Di{t){xi - X2), 
^ m = y2[s2it) + b2i{t)x2 - 622(^)1/2] + D2{t){yi - 2/2), 

By means of constructing Liapunov function and under appropriate conditions, the 
sufficient conditions on the existence of a unique almost periodic solution and its 
global asymptotic stability are established for system (1.1). Based on the system 
(1.1), in [13], the authors generalized almost periodic system (1.1) into asymptoti- 
cally periodic systems, under suitable conditions, the authors obtained that asymp- 
totically periodic systems have a unique solution which is globally asymptotically 
stable. 

In [11], the authors studied the following nonautonomous Lotka-Volterra periodic 
competitive systems with diffusion 



Xi 


= xi[ri{t) 


- au{t)xi 


- ai2{t)yi] + Di{t){x2 




yi 


^yi[r2{t) 


- a2i{t)xi 


-a22it)yi] + D2{t){y2 


-yi), 


X2 


= X2[si{t) 


- bii{t)x2 


-bi2it)y2] + Di{t)ixi 


-X2), 




= y2[s2{t) 


- b2i(t)x2 


- b22{t)y2] + D2{t){y, - 


-1/2), 



(1.2) 



By using of Brouwer fixed point theorem and constructing a suitable Liapunov 
function, under some appropriate conditions, the authors obtained that the system 
has a unique periodic solution which is globally stable. 

Motivated by the works [12] and [13] of Wei and Wang, by using of Liapunov 
method used in [12,13,14], we generalize system (1.2) into almost periodic system, 
under suitable conditions, we obtain that the system has a unique almost periodic 
solution which is asymptotically stable and globally attractive. 

The organization of this paper is as follows. In the next section we will present 
some basic assumptions, notations and Lemmas . In section 3, conditions for the 
almost periodic solution and asymptotic stability arc considered. In section 4, con- 
ditions for the global attractivity are considered. In the final section, one example 
is given to illustrate that our main results are applicable. 
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2. Preliminaries 



In system (1.2), we have that xi{t),yi{t) are the density of two competitive 
species at time t at the first patch, 0:2 (t), 1/2 (t) are the density of two competitive 
species at time t at the second patch, rj(t) and Si{t) are intrinsic growth rate of two 
competitive species at the first and second patch respectively, Oii(t) and bai^t) are 
intrapatch restriction density of each species in two-patch-system, aij{t), bij{t){i 7^ j) 
are competitive coefficients between two species, Di{t) are diffusion coefficients. In 
this paper, we always assume that system (1.2) satisfies the following assumption 

(Hi) ri{t), Si{t),aij{t),bij{t) and Di{t) are nonnegative continuous bounded al- 
most periodic functions = 1,2). 

Prom the viewpoint of mathematical biology, in this paper for system (1.2) we 
only consider the solution with the following initial condition 

Xi{t) = (piit), yi{t) = (fii{t) for all t e [0, +00), i = 1, 2 

where <f)i{t), (pi{t) ii = 1,2) are nonnegative continuous functions defined on [0, -|-oo) 
satisfying 0^(0) > 0, (/?i(0) > (2 = 1, 2). 

For a continuous and bounded function f{t) defined on [0, -|-oo), we define = 

inftg[o,+oo){/(0} and = ^^Vte[Q,+oo){f{'t)}- 
Now, we present some useful lemmas. 

Lemma 2.1. [11] = {(xi, yi, X2, 2/2) e R'^\xi >0,yi> 0, {i = 1, 2)} is the 
positive invariance set with respect to the system (1.2). 

Lemma 2.2. [11] If the following inequalities hold 

Df<rf, Df<r2^ <<.f, D^<st 

then there exists a compact region which has a positive distance from the coordinate 
hyperplane and it attracts all the solutions of the system (1.2) with positive initial 
values. 

Lemma 2.3. [12] Let D be an open set of R^, function V{t,x,y) be defined 
on the region i?+ x D x D or i?+ x x i?^, it satisfies that: 

(i)a(||a; — y||) < V{t,x,y) < b{\\x — y\\), where a(r) and b{r) are continuous 
increasing positive functions; 

{u)\\V{t,xi,yi) - V{t,X2,y2)\\ < k{\\xi - X2\\ + \\yi - y2\\), A; > is a constant; 

{m)V'{t,x,y) < cV{t,x,y), where c > is a constant. 
Further, let the solution of system (1.2) lie in compact set Q for alH > to > 0, Q e D, 
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then system (1.2) has a unique almost periodic solution z{t) in D, z{t) lies in fl, 
and it is uniformly asymptotically stable. 

Lemma 2.4. [4] Let / be a nonnegative function defined on[0, oo) such that 
/ is integrable on [0, oo) and uniformly continuous on[0, oo). Then limt^^ f{t) = . 

F.Wei et al. obtained in [11] that the system (1.2) had a bounded closed and 
convex set 

n^i^z-.zeRX, S{z) < (3, x\ <x,< xf, < < yf{i = l,2),R+ = [0, +oo)|. 

where S{z), /3,xf,xf^ jyf'^y^ are defined in [11, Theorem 3.1 and Theorem 4.1]. 

We discuss system (1.2) in Q. In order to obtain almost periodic solution and 
asymptotic stability of system (1.2) we introduce the following adjoint system (2.1) 
of system (1.2) 



Xi 




— an{t)xi 


- ai2{t)yi 


]+Di{t){x2 


- Xi) 


yi 


= 2/1 h(^) 


- a2i{t)xi 


- a22{t)yi 


+ D2{t){y2- 


- yi), 


X2 


= a:2[si(t) 


- biiit)x2 


- bu{t)y2] + D^{t){x^ 


-X2), 




= y2[s2{t) 


- hi{t)x2 


- &22(t)?/2] 


+ D2{t){yi- 


-2/2), 


Xi 




— aii(t)xi 


- ai2it)yi 


] +Di(t)(£2 


- Xi) 


Vi 


= yih(^) 


- 021(^)^1 


- a22{t)yi. 


+ D2{t){y2- 


- yi), 


X2 


= X2[si{t) 


- hxi{t)x2 


- bi2{t)y2. 


+ Di{t){xi 


-X2), 


m 


= y2[s2{t) 


- hi{t)x2 


- ^22(^)^2] 


+ D2{t){yi- 





(2.1) 



Such adjoint system can be found in [7,12,13]. 

3. Almost periodic solution and asymptotic sta- 
bility 

In this section, wc will derive some sufficient conditions for the existence of 
almost periodic solution and its asymptotic stability of system (1.2). 
Theorem 3.1. If the conditions of (Hi), Lemma 2.2 and Lemma 2.3 hold, and 
further assume that system (1.2) satisfies 

DM t-)M r)M r)M 

"11 ^ "21 ^ L ' '^ll ^ ^^21 ^ L ' 12 ^ "22 ^ I, ) f^l2 ^ "22 ^ L ■ 

X2 x\ y^ 

then system (1.2) has a unique almost periodic solution which is uniformly asymp- 
totically stable. 
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Proof. Let z{t) = {xi{t),X2{t),yi{t),y2{t)) be any solution of system (1.2), from 
the attraction oi fl, we discuss our problem in fl, and denote 



Z{t) = {X,{t),X2{t),Y,{t),Y2{t)) 

We consider the adjoint system (2.1) of system (1.2), let 

Xi{t) - Inxiit), Yi{t) = Inviit), Xi{t) = lnxi{t), Yi{t) = lnyi{t){i = 1,2), 

where Xi{t),yi{t),Xi{t), ,yi{t){i = 1,2) are the solutions of adjoint system (2.1) on 
fix ft. 

Define Liapunov function: 

2 2 

V(t) = V{t, Z{t),Z{t)) = J2 I Mt) - Mt) Yi{t) - Y,{t) I 

i=l 1=1 

Taking 

2 2 

a(r) = b{r) = ^ | X,(i) - X,(i) | + ^ | F,(i) - i;(i) | 

i=l i=l 

and a{r),b{r) are continuous increasing positive functions, then V{t) satisfies the 
condition (i) of Lemma 2.3. Again from 

2 2 ^2 2 

^ I Xa{t) - Xa{t) ^^i(^) -Mt)\-ij2\ ^^2(t) - ^i2(t) ^^2(^) - >^i2(t) 

i=l i=l ^ i=l i=l 

2 2 2 2 

i=l i=l i=l 1=1 

hence V{t) satisfies the condition (ii) of Lemma 2.3. To check the condition (iii) of 
Lemma 2.3, we need to calculate upper-right derivative of system (2.1), for conve- 
nience of statements we denote 

A = sign{ I X^{t) - Xi{t) \ ),Bi = sign{ \ Yi{t) - Yi{t) |) , (^ = 1, 2) 
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2 2 

D+v{t) = D^(Y.\^^(t)-^^(t)\+J2\y^it)-m\) 

^ 1=1 i=l / 

2 2 

= I - Mt) I - ^^{t) I ) 



where 



i=l i=l 

2 2 



i=l i=l 



= -Aian(i)(a:i - Xi) - Aai2(i)(yi - yi) + AiL>i(t) ( ^ - ^ ) 
-A2hii{t){x2 - X2) - A2h2{t){y2 - V2) + A2Di{t){— - ?i 



-5ia2i(t)(xi - xi) - Bia22{t){yi - yi) + BiD2{t) 



X2 X2 

fyi_yA 
\yi yij 



-B2b2l{t){x2 - X2) - B2b22{t){y2 - h) + ^a^alt) ( ^ - ^ 

\y2 2/2 

< -(afi + a^i) \xi-xi\ + 621) I a;2 - ^2 | 

4 

- (^2 + 42) 1 2/1 - I -(^(2 + ^22) \y2-y2\+Yl ^^(^) 

j=i 



D2{t) 



I>l(t)(--?i) X2(t)-X2(t)>0 

\a:2 2:2/ 

i^l(t)(?i--) X2{t)-X2{t)<Q 

X2 X2, 

l^i(0(--?^) Xi(t)-Xi(t)>0 

^ X\ X\' 
X\ 

D2{i)\--^-^] F2(t) - l2(t) > 

,2/2 ?/2, 

i^2(t)(?^--) y2W->^2(t)<o 

.2/2 2/2/ 

i^2(t)(^-|) Yx{t)-Yx{i)>^ 

i^2(t)(?^--l yi(i)-Fi(t)<o 



,2/1 2/1 

There are the following three cases to consider for Di{t): 
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(i) If X2{t) > X2{i) and t>t% then 



M 



D it) D 
Di{t) < -^{xi{t) - xi{t)) < -^\xi{t) - xi{t)\ 



X2{t) X. 



(ii) If X2{t) < X2{t) and t>t*, then 



(iii) If X2{t) = X2{t), similar to the above analysis, we can get the same result 
as (i)and(ii). Prom (i)-(iii), we have 

D,{t) < ^\x,{t) - x,{t)\ for t>t* 
X2 

Considering D2{t), D3{t), D^{t) in the same way we can obtain 



D2{t) < -^\x2{t) - X2{t)\, D^{t) < -^\y,{t)-Ut)\, D,{t) < -^\y,{t)-y2m 
XT 2/2 Vi 

for t>t*. It then yields that 



D+V{t) < -(afi + 4^ - ^) I xi - xi I -(6fi + - -\) \ x2-i2 
-{a{2 + a^2 -^)\yi-yi\ -{h{2 + ^22 - ^) I 2/2 - ^2 I 

y2 Vi 

According to the condition of Theorem 3.1, now we let 

r)M r)M 



Pi + < - ^> P-2 - K + ^21 - 



p -L- 2 p , ^2 

-^3 ■— "12 "T "22 TT' ■— 012 + '^22 

2/2 2/1 

and rj — min{Pi, P2, -P3, Pa} > then we get that 

2 2 

< -r7(5]k^-^i|+I]l2/^-J/i|) (3.1) 

i=l i=l 

By Mean Value Theorem, we have following formula: 

\x, - ii\ = \e^^ - e^'l = Q{t)\X, - Xi\ > xf\X, - Xi\, 
\Vi-yi\= \e^'-e^^\=Ut)\Yi-yi\>yi\yi-Yil (^ = 1,2) 
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where 0(0 e {xi{t),Xi{t)){i = 1,2) and ^i{t) e {yi{t),yi{t)){i = 1,2) respectively, 
then Ci(f) e i7 and ^i(t) G fi. 

By the above formula and we take c = minlxfry, j/f 7y, X2 ?7, J/2 ^} > 0, then we get 
that 

2 2 
^ 1=1 i=l ' 

It means that Vit) satisfies the condition (iii) of Lemma 2.3. By Lemma 2.3, system 
(1.2) has a unique almost periodic solution z{t) on the region fi, which is uniformly 
asymptotically stable on compact set fi. Since is the ultimately bounded region 
and compact set of system (1.2), hence we get that the solution zif) is ultimately 
bounded on 1], therefore when the conditions of Lemma 2.3 hold, almost periodic 
solution zif) is uniformly asymptotically stable. It shows that system (1.2) has 
a unique almost periodic solution, which is uniformly asymptotically stable. This 
completes the proof. 



4. Global attract ivity 

In this section, we will derive some sufficient conditions for the globally attr ac- 
tivity of system (1.2). 

Theorem 4.1. If the system (1.2) satisfies all the conditions of Theorem 3.1, 
then the unique almost periodic solution of the system (1.2) is globally attractive. 
Proof. Let z{€) — {xi{t) , X2{t) , yi{t) , y2{t)) be a definitive almost periodic solution 
of the system (1.2), z{t) — {xi{t) , X2{t) , yi{t) , y2{t)) be any solution of the system 
(1.2). 

Construct the same Liapunov function as defined in the proof of Theorem 3.1, 

2 2 

Vit) = v{t, z{t), z{t)) = Yl I - ^^(^) I + E I ^^(^) - ^^(^) I (4.1) 

i=l i=l 
Integrating both sides of (3.1) from to t, we can derive 

The expression (4.2) shows that 

2 2 
< V{t) < V{0) = I Xi{0)-Xi{0) \+Y,\ y^-W) \< +00, t>0 (4.3) 

i=l i=l 
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and 

/ (y2\xi{s)-Xi{s)\+y2\yii^)-yiis)\)ds<^ <+(x, t>Q (4.4) 
The expression (4.4) implies that 

2 2 

J2 I Xi{s)-Xi{s) yi(^)-yi(s) |e i^^[0,+oo) (4.5) 

i=l 1=1 

Obviously Xi{t) and yi{t){i = 1,2) arc uniformly bounded, so Xi(t) and Yi{t){i = 1,2) 
are also uniformly bounded. In addition, by (4.1)-(4.3), we can know that Xi{t) and 
Yi{t){i = 1, 2) arc uniformly bounded, so Xi{t) and yi{t){i = 1,2) arc also uniformly 
bounded. Combining this fact with the system (1.2), we have Xi,yi, Xi,yi{i = 1,2) 
are uniformly bounded. Therefore we can easily check [xi{t) — Xi{t)] and [yi{t) — 
yi{t)]{i = 1,2) and their derivatives remain bounded on [0,+oo). As a consequence 
Yl'i=i I ~ I ~^Yli=i I yii't) ~ yii't) I uniformly continuous on [0,+oo). 

From the expression (4.5), it follows that Xli=i I Xi{t) — Xi(t) \ + ^2^=1 I yii^) ~yi{^) I 
is integrable on [0, +oo). By Lemma 2.4, it follows that 



^2 2 

lim ( I Xiit) - Xiit) I + I Viit) - Viit) 

^ i=l i=l 



= 



Hence 



lim I Xi{t) - Xi{t) 1= 0, lim I yi{t) - yi{t) |= {i = 1, 2) 

t— >-oo t-^oo 



This result imphes that the unique almost periodic solution of system (1.2) is stable 
and attracts all positive solution of system (1.2). This completes the proof. 
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5. One example 

Example, we consider the following system 

x^(t) = xi(t)(5 + 0.5{sin{V2t) + sin{t)) - (2.5 + 0.5{cos{V2t) + cos{t)))xi{t) 

-(2.2 + 0.3{sin{V2t) + sin{t)))yi{t)) 

+ (1 + 0.1{cos{V2t) + cos{t))){x2{t) - Xi(t)), 
y^{t) = yi{t){5 + 0A{sin{V2t) + sin{t)) - {2.25 + 0.6{cos{V2t) + cos{t)))xi{t) 

-(2.4 + 0A{sin{V2t) + sin{t)))yi{t)) 

+ (1 + 0.2{stn{V2t) + stn{t))){y2{t) - yi{t)), 
X2{t) = X2{t) (4 + 0.5{cos{V2t) + cos{t)) - (2.4 + ^.l{sin{\f2t) + sin{t)))x2{t) 

-(2.3 + 0.5(cos(y2t) + cos (t))) 2/2 (t)) 

+ (1 + 0.1(cos(y2t) + cos{t))){x2{t) - Xi(t)), 
?/2(t) = y2(t) (4 + 0.3(cos(V2t) + cos(t)) - (2.3 + 0.5(sm( V2t) + sin{t)))x2(t) 

-(2.5 + 0.3(cos(y2t) + cos (t))) 2/2 (t)) 

+ (1 + 0.2(s2n(y2t) + s^n(t)))(yi(t) - y2(t)), 

(5.1) 

It is easy to verify all the conditions required in Theorem 3.1 and Theorem 4.1 are 
satisfied. Then the system (5.1) has a unique almost periodic solution and which is 
asymptotically stable and globally attractive. 



The existence of asymptotically stable almost periodic slution 




20 



40 60 
Time t 



80 



100 



Fig. 1. The existence of almost periodic solutions for system (5.1). Here, we take the initial value xq = (xio, X20, yiOi ?/2o) = (1, li li !)• 
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Global attractivity 



Global attractivity 



1.6 




Global attractivity Global attractivity 



1.6^ 1.5^ 




Fig. 2. Global attractivity of almost periodic solutions for system (5.1). Here, we take different initial values. 



Figure 1 shows that the system (5.1) converges to a almost periodic solution. 
Figure 2 shows that the almost periodic solution of system (5.1) is globally attractive. 
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